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The thermal instability of a Hall plasma taking compres-
sibility into account is studied. The effect of compressibility
is found to be stabilizing while the Hall currents have a
destabilizing effect. The system is stable for (cp/g)f<1.
Oscillatory modes are introduced due to the presence of a
magnetic field which are missing in the absence of a magne-
tic field (and hence in the absence of Hall currents) for
(cp/g9) f>>1. The case of overstability is also discussed.

1. Introduction

The problem of thermal instability of fluids un-
der various assumptions of hydrodynamics and
hydromagnetics has been summarised by Chandra-
sekhar !. Gupta? studied the effect of Hall currents
on the thermal instability of a horizontal layer of a
conducting fluid. The Boussinesq approximation has
been used in the above studies.

Spiegel and Veronis® have simplified the set of
equations governing the flow of compressible fluids
under the following assumptions:

(i) the depth of fluid layer is much smaller than
the scale height as defined by them and

(ii) the fluctuations in temperature, pressure and
density, introduced due to motion, do not ex-
ceed their static variations.

Under the above assumptions, Spiegel and Vero-
nis 3 have found the flow equations to be the same
as for incompressible fluids except that the static
temperature gradient is replaced by its excess over
the adiabatic one.
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A reconsideration of the thermal instability prob-
lem in the presence of compressibility and Hall cur-
rents is certainly called for, as these effects are
likely to be important in the ionosphere and outer
layers of the sun’s atmosphere. This forms the sub-
ject matter of the present paper.

2. Formulation of the Problem and Dispersion
Relation

The problem and the configuration is the same as
that studied by Gupta 2 except that the fluid is com-
pressible here.

Spiegel and Veronis 3 expressed any space vari-
able, say X, in the form

X=Xm+X0(Z) +X’ (x,y,z,t) ’ (1)

where X, stands for the constant space distribution
of X, X, is the variation in X in the absence of
motion and X’ (z,¥,z2t) stands for the fluctuations
in X due to the motion of the fluid.

The initial state is one in which the velocity, tem-
perature, pressure and density at any point in the
fluid are respectively given by

q=0, T=T(2), P=P(Z)’ Q=Q(Z), (2)
where according to Spiegel and Veronis 3

T(z)=—-B2z4+T,,
p(z)=pm—gof (0m+0p)dz, (3)

0(2) =om[l—an(T—Tw) +Kn(p—pm)],

w8 w0
m = 0 aT » ’ m = 0 ap s .

Let u, v (=p/on), %, o =”’/‘9m cp) and u,
denote respectively the viscosity, the kinematic vis-
cosity, the thermal conductivity, the thermal diffu-

sivity and the magnetic permeability. an (= a, say)
is the coefficient of thermal expansion.

The relevant equations of the problem under consideration, in nondimensional form, are

2 o\ (P2 2 _ M) 2 ped oy _
(D?—a®)(D?>—a*—o0) W ( ” a? O+ Amm? (D?*-a®?) DK=0, (4)
(02_a2_a)2=_(—”—eH—4—)DX, (5)
4dmony
Hd H
2_ g2 PR (oo | e 2_ 2
(D?—a?—py0) X (77 )DZ (MNend) (D*—a?)DK, 6)
Hd Hd
2_ a2 — - | == ok
(D?—a®—py0)K (?7 )DW+ (4::Ne17)DX’ (7)
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c

<D2—a2—plo)@=—‘i—2(ﬂ—i)m (8)
v V4

where g/c, and « stand for the adiabatic gradient and the thermal diffusivity respectively. c, is the spe-
cific heat at constant pressure. N and e denote the electron number density and electron charge respec-
tively. Other symbols have their usual meanings.

We consider the case in which the boundaries are free and the medium adjoining the fluid is noncon-
ducting. The boundary conditions appropriate for the problem are (Chandrasekhar?):
W=D*W=0, O=0, DZ=0 }

X =0 and K are continuous at z=0and 1. (9)

In the absence of any surface current, the tangential components of the magnetic field are continuous.
Hence the boundary conditions in addition to (9) are

DK=0, (10)

on the boundaries. Eliminating Z, K, X and © between Eqgs. (4) — (8) and substituting the proper solu-
tion W =W sinmz, W, being a constant, in the resultant equation, we obtain the dispersion relation

G o o
Rix= (6_—1—) (1+2) <1 +x+ ::z—‘_;)(lth-kpl;é)

019(1veon 3)f1oes 2)(1srens) ve)

+ o o o o ) (11)
(1exep i {(Leme 3)(1emem Tp) 2 +aen (142 )
where
_ kH _gapd _(J{ )2 _%
O renra BT M=Ganen and G="" 5.

3. Stability of the System and Oscillatory Modes

Multiplying Eq. (4) by W*, the complex conjugate of W, and using Eqgs. (5) — (8) together with bound-
ary conditions (9) and (10), we obtain

] e N cpaxa’ N
Litolyt 20l (Utpeo™ I+ 0T @2 (L4 paoly) + @ Uyt o) = S0 (pyo™ L)
(12)
where .
1
L=[(D*W}+2a®|DW2+at|W[)dz, L=[(DWP+a®|W])dz,
0 0
1 1
L=[(DOPF+a?|O)dz, I,=[|02dz,
0 0
1 1
Ii=[(|D*K[?+2a®|DK[* +a*|K[*)dz, I4=J(|DK} +a*|K]?)dz, (13)
0 0

1 1
L=[(DX]+a*|X?)dz, Ig=[|X[dz,
0 0

1 1
19=f(]DZ“2+a2]Z:2)dz, ILoy=[|Z]2dz,
0 0

which are all positive definite.



Notizen 1013

Putting 6 =0 +1i0; and then equating real and imaginary parts of Eq. (12), we arrive at the following
conclusions:

Theorem 1. If G <1, the system is stable.

Theorem 2. In contrast to the nonoscillatory modes for G>1 in the absence of a magnetic field, the
presence of a magnetic field (and hence the presence of Hall effect) introduces oscillatory modes in the
system.

4. The Stationary Convection

For stationary convection, putting 6=0 in Eq. (11) reduces it to
R — (1+x)( G )[{(1+x)2+01}‘-’+M(1+x)3
17\ z G-1 14+2)2+Q;+M(1 +2)

For fixed values of Q; and M, let the nondimensional number G accounting for the compressibility effects
be also kept as fixed, then we find that

(14)

= G
Rc= (m) Rc’ (15)

where R, and R, denote respectively the critical Rayleigh numbers in the presence and absence of com-
pressibility. The effect of compressibility is, thus, to postpone the onset of thermal instability. Hence we
obtain a stabilizing effect of compressibility.

From Eq. (14), it follows that

R, (lzx)(%) Q1(1+2) [(1+2)*+0Q4]

M [QA+2)2+Q;+M(1+2)]2 ’

which is always negative. This shows that Hall currents have a destabilizing effect on the system.

5. The Overstable Case

Put 6/7% =10, , where o is real, in Equation (11). Equating real and imaginary parts of the resultant
equation and eliminating R; between them, one obtains

A B3+B, B2 +C,f +D;=0, where A;=p,*(1+p)a’, B =02 1+2=4d, (16)
and Dy=(1+p;)a7 +2M(1+p)a®+[(3py—p2+2)Qy+M*(L+p,)]a®+MQy(3py+py+2)a
+(3p1—2pa+1)Q2a® + M Q% (p1—1)a? + QP (p1—p2) .
Following the arguments as in Gupta?, we find that for #<» and » <7, overstability is not possible

and the principle of exchange of stabilities is valid. #<» and #<# are therefore sufficient conditions for
nonexistence of overstability.
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